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Abstract
In this work we have analysed the nature of space uctuations in dissipative Partial Dierential
Equations (PDEs). By taking a well known and much investigated dissipative PDE as our rep-
resentative, namely the Swift-Hohenberg Equation, we estimated in an explicit manner the values
of the crest factor of its solutions. We believe that the crest factor, namely the ratio between the
sup-norm and the L2 norm of solutions, is a suitable and proper measure of space uctuations in
solutions of dissipative PDEs. In particular it gives some information on the nature of \soft" and
\hard" uctuations regimes in the ows of dissipative PDEs.
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1 Introduction
One of the outstanding open problems of applied mathematics is understanding the nature of turbu-
lence. There is a vast literature on this very intricate and deep problem. Here we can just mention
some books devoted to this fascinating subject [1, 2]. An essential feature of turbulence is its space
time intermittent behaviour characterised by random uctuations in the turbulent solutions of dissi-
pative partial dierential equations (PDEs); the most famous and celebrated example of dissipative
PDEs are the Navier-Stokes equations of uid dynamics.
In this work we will endeavour to understand a possible way to \measure" the space uctuations
of solutions of dissipative PDEs. The comprehension of uctuations is naturally linked to the nature
of turbulence and represents one of its most important hallmarks. The method we use in this work
for capturing space uctuations of dissipative PDEs is functional analysis. First we we will compute
in an explicit and accurate way some estimates for some Sobolev norms of solutions of some typical
dissipative PDEs in several space dimensions. Then we use these estimates to introduce an important
concept in the analysis of the behaviour of solutions of dissipative PDEs, namely the so-called \crest
factor", which is dened as the ratio between the sup-norm and the L2 norm of solutions. As its name
expressively suggests, the crest factor measures the uctuations and distorsions between the amplitude
of the sup-norm and the L2 norm of the solutions in PDEs. It is in fact widely used in real experiments
made in wind tunnels for understanding some of the hallmarks of turbulence in uid dynamics. The
larger the crest factor, the larger the potential space uctuations. As it is well known, measuring large
and intermittent space uctuations, is one of the fundamental aspects for understanding the nature of
turbulence.
In this work, in order to illustrate how to compute in an operative way the crest factor, we take as
our standard example of dissipative PDE (a version of) the relatively well understood Swift-Hohenberg
Equation (SHE) [13]:
ut =  ()2u u+ u  u2p+1; (1)
1
where  is the Laplacian, with a at domain 
 = [0; L]d, with L > 0, t > 0 and p is a positive integer. It
is subject to the initial condition u(~x; 0) = u0(~x) in d = 1; 2; 3 space dimensions and periodic boundary
conditions on the boundary of 
. The parameter  is a positive constant.
In the rest of this work we will compute various Sobolev norms of the solutions of the SHE and
hence we will estimate their crest factor. We will then discuss the implications deriving from our
estimates of the crest factor in space dimension d = 1; 2; 3 in the conclusion and we provide some open
problems.
2 Explicit Estimates of the Crest Factor of the SHE
In this section we obtain estimates on various Sobolev norms of the solutions and their spatial deriva-
tives. We then use these estimates for computing the time averaged crest factor. For explicit and
accurate estimates regarding the time-asymptotic behaviour of the sup-norm of solutions for the case
p = 1 see [5].
Before commencing our analysis, for the sake of the reader, let us rst give a brief functional
analysis settings and notations [12]. Denote by 
 = [0; L]d the d dimensional torus ; for any scalar
function (x) with x 2 
 let kkpp =
R

 j(x)jp dx be the norm associated with the Banach space of
functions in 
 and we also dene the L1 norm as
kk1 = sup
x2

j(x)j :
For p = 2 we denote by L2(
) the Hilbert space of 
 periodic functions  with kk2 < +1. Given a
multi-index ~n = (n1; n2; : : : ; nd), with all the ni non-negative integers, let j~nj = n1 + : : :+ nd and
D~n :=
@j~nj
@xn11 @x
n2
2    @xndd
;
and let
Jn :=
n
 :
Z


(D~n)2dx < +1 for all ~n such that j~nj = n
o
;
together with
kk22 :=
X
n1;:::;nd0
n1+:::+nd=n
n!
n1!  nd!kD
~nk22: (2)
Let us also rst mention what we mean by the crest factor of a solution of a dissipative PDE [3].
The crest factor (also known as the peak to average ratio) is dened as the ratio between the L1
norm and the L2 norm of a solution of any partial dierential equation, namely
Cf := L
d
2
kuk1
J
1
2
0
: (3)
One can see that it is (by denition) dimensionless and it contains important information on the
\distorsions" between the sup-norm (the amplitude) and the L2 norm of the solution. The ideal result
would be to have a time-pointwise estimate of Cf : However this is very dicult due essentially to the
non-linearity of the equation. So in this work we will compute the time-average of the quotient between
the L1 norm and the L2 norm of the solution, namely


L
d
2 kuk1=J
1
2
0

:
First of all let us derive sharp estimates for the kuk1 of typical solutions u(x; t): Note that in
general we cannot assume that the solutions of our equation have zero-mean. Hence we have to \carry
along" the mean value of our solutions. Thus suppose that
R

 u(x) dx 6= 0 and u(x) = u + u0(x),
where u = const 6= 0 and R
 u0(x) dx = 0. Then using the inequality
juj = L d
Z


u(x) dx
  L  d2J 120 (4)
2
and dening J 00 := ku0k22, we obtain [7]
kuk1  juj+ ku0k1  L  d2J
1
2
0 + c(n)(J
0
0)
2n d
4n J
d
4n
n : (5)
with n > 1=2 and c(n) a suitable constant, where we have used a Gagliardo-Nirenberg inequality to
obtain the estimate on ku0k1. By substituting u = 1 in (4) we see that the constant L  d2 is sharp.
Therefore we obtain the following estimate
kuk1
J
1
2
0
 ju
j+ ku0k1
J
1
2
0
 L  d2 + ku
0k1
J
1
2
0
:
Hence by using (5) we obtain
kuk1
J
1
2
0
 L  d2 + c(n)

Jn
J0
 d
4n

J 00
J0
 2n d
4n
:
Thus our estimate for the crest factor is obtained by taking the time-average
eCf :=
*
L
d
2
kuk1
J
1
2
0
+
:
It is useful to concentrate on the \pure" distortion between the sup-norm and the L2 norm for non-
constant solutions (note that of course purely time dependent functions or constants have crest factor
equal to 1). Bearing this in mind one obtains
eCf = 1 + Cf ; Cf :=
*
L
d
2
ku0k1
J
1
2
0
+
 c(n)L d2
*
Jn
J0
 d
4n
+
; (6)
where the last bound follows noting that J 00  J0. Note that, since one has trivially Cf = 0 if u(x; t)
does not depend on x, in order to estimate the crest factor we may assume in the following that u0 6= 0.
Hence Jn > 0 for all n  0.
Bearing in mind all of the above we can now start our analysis of (a version of) the SHE on the
d dimensional at torus with domain 
 = [0; L]d with d = 1; 2; 3:
Analysis in space dimension one
We begin with one spatial dimension (d = 1), namely we study
ut =  uxxxx   uxx + u  u2p+1; (7)
with periodic boundary conditions on 
 = [0; L]. First we estimate the evolution of the time-dependent
quantity J0(t) =
R

 u
2(x; t) dx: By dierentiating it with respect to time one nds
1
2
_J0 =  J2 + J1 + J0  
Z


(u)2p+2 dx: (8)
First note that (8) holds true in every spatial dimension. Also we observe that
J1  (J2J0) 12  1
2
(J0 + J2) and that 
Z


(u)2p+2 dx   J
p+1
0
Lpd
; with d the spatial dimension. Collecting
and simplifying we have
1
2
_J0   J2
2
+
2+ 1
2
J0   J
p+1
0
Lpd
: (9)
We now take d = 1; and we rst divide the above by J0 and then take its time average obtaining
J2
J0

 2+ 1:
3
Note that the time average of the term
1
2
_J0
J0
vanishes as J0 > 0 is bounded above and also below
away from zero because  > 0: In fact we choose  larger than the rst eigenvalue in the linearised
equation, namely we take  >

2
L
2
: Therefore the zero solution is not in the global attractor. We
have also neglected the negative denite term  J
p+1
0
Lpd
: By neglecting this term we lose some accuracy.
However, in order to take it into account, one needs to nd an accurate lower bound on J0; namely
one needs a reasonable estimate of the form J0   > 0: This is (notoriously) a very dicult problem!
An interesting result about a lower bound on the energy for the Navier-Stokes equations on the torus
is that contained in the paper [11], but unfortunately it is very large and therefore not very useful.
Nevertheless it represents a very good start as a strategy for obtaining lower bounds on norms of
solutions of nonlinear PDEs.
So going back to our analysis we note that c(1) = 1 [9] and d = 1 and by inserting the above
estimate into (6) one has
Cf  L
1
2
*
J2
J0
 1
8
+
 L 12

J2
J0
 1
8
 L 12 (2+ 1) 18 : (10)
Analysis in space dimensions two
The analysis in the two-dimensional case is similar to the one-dimensional case; one has to take
into account that we are now in the two-dimensional torus 
 = [0; L]2: We take then
1
2
_J0   J2
2
+
2+ 1
2
J0  
 
Jp+10
L2p
!
: (11)
As in the d = 1 case, we neglect the last term and then we divide by J0 and then take the time average:
J2
J0

 2+ 1:
Noting that d = 2 and c(2) =
r
1

[10] we nally have
Cf 
r
1

L
*
J2
J0
 1
4
+

r
1

L

J2
J0
 1
4

r
1

L(2+ 1)
1
4 : (12)
Analysis in space dimensions three
The analysis of the crest factor in three spatial dimensions is as follows. The spatial domain is now

 = [0; L]3: We take then
1
2
_J0   J2
2
+
2+ 1
2
J0  
 
Jp+10
L3p
!
: (13)
Time averaging and applying the same strategy as in d = 1; 2 one has
J2
J0

 2+ 1:
For the sup-norm, in three spatial dimensions we use the sharp estimate found in [6, 4], namely
kuk1 
p
a(2s)
p
L
(2)2
J
1
2
2 ; s = 2
where
a(2s) =
3b(2s) + 3c(2s) + d(2s)
23 2s   1
4
with
b(2s) =
X0
( 1)k1(k21 + k22 + k23) s;
c(2s) =
X0
( 1)k1+k2(k21 + k22 + k23) s;
d(2s) =
X0
( 1)k1+k2+k3(k21 + k22 + k23) s:
Here k1; k2; k3 run all over the non zero integers.
Remark: Note that for s = 2
3b(2s) + 3c(2s) + d(2s) < 0
and so
a(2s) =
3b(2s) + 3c(2s) + d(2s)
23 2s   1 > 0
as it should. Thus by inserting the above estimate into (6) for d = 3 we nally obtain
Cf 
*
L
3
2 kuk1
J
1
2
0
+

p
a(2s)

L
2
2*J2
J0
 1
2
+

p
a(2s)

L
2
2
(2+ 1)
1
2 : (14)
3 Conclusions and Open Problems
In the previous sections we have obtained some estimates of various norms of the solutions of (a version
of) the SHE. We then used these estimates to calculate their time averaged crest factor. This is dened
as the ratio between the L1 norm of the solution and the L2 norm of the solution:
Cf := L
d
2
kuk1
J
1
2
0
; (15)
where d is the spatial dimension. As we stated previously (and it is good to repeat the concept) is
a dimensionless pure number and it contains important information on the \distorsion" between the
\amplitude\ and the L2 norm of the solution.
Let us now discuss the implications of the estimates we have found in one, two and three space
dimensions. We take into account the \pure\ distortion between the sup-norm and the L2 norm of
solutions, namely we use the estimate (6). In space dimension one we found that
Cf  L
1
2 (2+ 1)
1
8 ; (16)
in space dimension two we found
Cf  Lp

(2+ 1)
1
4 ; (17)
In space dimensions three we obtained
Cf 
p
a(2s)

L
2
2
(2+ 1)
1
2 : (18)
The estimates above provide some illumination on the nature of the potential space uctuations
of the solutions of our model equation of dissipative PDE. One has just to properly \decipher" the
estimates found in the various spatial dimensions.
1. In d = 1 we found the estimate (16); in this case the crest factor scales like 
1
8 for large  and
scales like L
1
2 as a function of the length of the torus. This suggests that in one spatial dimension
the dynamics of the potential uctuations is quite \constrained" and so one can certainly say
that the amount of possible turbulent behaviour is somewhat \mild".
2. In d = 2 we found the estimate (17) and so here one can see that the crest factor scales like 
1
4 for
large  and scales like L as a function of the length of the torus. Thus in two space dimensions we
can infer that the degree of potential turbulent behaviour in space for the solutions is generally
larger than in the one dimensional case both as a function of  and as a function of L:
5
3. In d = 3 is even more apparent that the space uctuations have an even larger degree of \ma-
noeuvre" for potential large excursions in space. In fact it d = 3 the crest factor scales like (18),
namely it scales like 
1
2 for large  and it scales like L2 as a function of the length of the torus.
By reading the above estimate it is evident that the crest factor is a proper \measure" of potential
space excursions for the solutions of any dissipative PDEs. By going to higher spatial dimension the
crest factor shows in a crucial way that the higher the spatial dimension, the more the space turbulent
behaviour expected in solutions of PDEs. Furthermore it has to be stressed that the crest factor gives
a quantitative estimate of these uctuations, which we believe makes it even more important as an
indicator for potential turbulent behaviour in solutions of dissipative PDEs. In the light of the above
it would be important to compute the crest factor for other classical dissipative PDEs such as the
Ginzburg-Landau equation, the Cahn-Hilliard equation and of course also for the \most" important
dissipative PDEs, namely the Navier-Stokes equations. As a matter of fact we are working on the
Navier-Stokes equations, and we hope to be able to provide some estimates of the crest factor for their
solutions in the near future [8].
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